Introduction {#Sec1}
============

Exponential decay of truncated correlations of the Ising model {#Sec2}
--------------------------------------------------------------

In addition to its original presentation as a model for the phase transition in ferromagnets, the Ising model has attracted attention from a variety of perspectives. These range from studies of phase transitions exhibited by the equilibrium states to the study of cutoff phenomena and transitions in stochastic processes given for instance by Glauber dynamics and Metropolis algorithms \[[@CR26]\]. Also, universality of critical phenomena in the Ising model justifies the fact that the theory of the Ising model provides information also about many other systems.

As is well known, sufficiently far from phase transitions, systems of statistical physics exhibit exponential relaxation of truncated correlations \[[@CR16]\], in both the equilibrium and the dynamical sense. It is more challenging to narrow the range of exceptions to a set of points, or lines, in the model's phase space. The main result in this article completes that task for the *d*-dimensional nearest-neighbor ferromagnetic Ising model. The results extend to finite-range Ising models, but we choose to focus on the nearest-neighbor case for simplicity.

To set the notation, let us recall the definition of the model on a graph *G* with vertex-set *V* and edge-set *E*. Associated with the graph's vertex-set is a collection of binary variables $\documentclass[12pt]{minimal}
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On finite graphs, the Gibbs equilibrium states at inverse temperature $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta \in (0, \infty )$$\end{document}$ are given by probability measures on the space of configurations under which the expected value of a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f:\{-1,1\}^{V}\rightarrow {\mathbb {R}}$$\end{document}$ is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle f\rangle _{ G,\beta ,h}=\frac{1}{Z( G,\beta ,h)}\sum _{\sigma \in \{-1,1\}^{V}}f(\sigma )\exp [-\beta H_ {G,h}(\sigma )]\, , \end{aligned}$$\end{document}$$where the sum is normalized by the partition function $\documentclass[12pt]{minimal}
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### Theorem 1.1 {#FPar1}

For the nearest-neighbor Ising model on $\documentclass[12pt]{minimal}
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The previous result holds for any extremal translation invariant Gibbs state, since by \[[@CR8], [@CR32]\], those are given by $\documentclass[12pt]{minimal}
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### Lemma 1.2 {#FPar2}

For every finite graph *G*, every $\documentclass[12pt]{minimal}
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Mixing of the Fortuin--Kasteleyn representation of the Ising model {#Sec3}
------------------------------------------------------------------

Theorem [1.1](#FPar1){ref-type="sec"} will be derived by studying a related model, called the *Fortuin--Kasteleyn (FK) percolation*, or random-cluster model. FK percolation is one of the most classical generalizations of Bernoulli percolation and electrical networks. This model was introduced by Fortuin and Kasteleyn in \[[@CR17]\] and since then has been the object of intense studies, both physically and mathematically.
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Before discussing the proof of this theorem, let us explain how it implies Theorem [1.1](#FPar1){ref-type="sec"}.

### Proof of Theorem 1.1 {#FPar4}
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Let us remark that the exponential decay ([1.10](#Equ10){ref-type=""}) for the size of finite clusters in the supercritical FK-Ising model does not directly imply the exponential decay of truncated two-point functions for the Ising model, since the first term on the right of ([1.9](#Equ9){ref-type=""}) involves correlations between the events that $\documentclass[12pt]{minimal}
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Let us also remark that our method actually gives a better bound on the error term in Theorem [1.3](#FPar3){ref-type="sec"} than $\documentclass[12pt]{minimal}
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### Corollary 1.4 {#FPar5}
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Idea of the proof {#Sec4}
-----------------

The core of the proof will be the derivation of the following proposition.

### Proposition 1.5 {#FPar6}
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The important feature of the upper bound above is that it beats any inverse polynomial. This proposition, together with a coarse-grained argument inspired by Pisztora, implies the exponential mixing. While the Ising model can be approached through a number of graphical representations (low and high temperature expansions, FK-Ising, random current etc.), which have been used separately in a variety of results, the argument presented here relies in a crucial way on the combination of two such representations: the random current and the FK-Ising. The random current representation is used to rewrite the difference between $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi _{\Lambda _{N}, p}^0[\omega _e] $$\end{document}$ in terms of the probabilities of non-intersection for currents in a duplicated system of currents. Then, FK-Ising is used to show that this duplicated system of currents is very well-connected, and that the probability of long paths of currents not being connected is quite small.

At different stages of the proof (already in the proof of Theorem [1.1](#FPar1){ref-type="sec"} above), essential use is made of the very helpful result of Bodineau \[[@CR8]\] stating that for any $\documentclass[12pt]{minimal}
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                \begin{document}$$p_c$$\end{document}$ coincides with the so-called *slab percolation*. This result is combined with the result \[[@CR31]\] to implement a coarse-grain argument inspired by Pisztora renormalization. This is used to prove two facts: boxes are connected with excellent probability in the supercritical FK-Ising model, and Theorem [1.3](#FPar3){ref-type="sec"} follows from Proposition [1.5](#FPar6){ref-type="sec"}.

Open problems {#Sec5}
-------------

Corollary [1.4](#FPar5){ref-type="sec"} falls short of the *ratio-strong mixing property* related to the phenomenon of *boundary phase transition* for Ising models (see \[[@CR29]\]). Although this stronger property is absent for Ising models in dimensions larger than 2 at low temperature, it is expected to hold in the entire subcritical phase. More precisely, one would like to prove:$$\documentclass[12pt]{minimal}
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                \begin{document}$$d_{A, B}$$\end{document}$ is the distance between the supports of the events *A* and *B*.

Another important improvement would be to understand the case of the Potts models with $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta >\beta _c$$\end{document}$ regime is still very limited. In \[[@CR15]\], a partial result going in the direction of the equivalent of \[[@CR8]\] for Potts model was obtained. We refer to the paper for details on open questions and conjectures. Bodineau's result being the key to our argument (not to mention the heavy use of the random-current representation, which itself is not available for the Potts model), we believe that the exponential decay of correlations would be even harder to obtain than the open problems mentioned in \[[@CR15]\].

*Organization* The paper is organized as follows. In the next section, we recall some background. In Sect. [3](#Sec9){ref-type="sec"}, we present the coarse-graining arguments relying on Pisztora's technique. In Sect. [4](#Sec12){ref-type="sec"}, we prove Proposition [1.5](#FPar6){ref-type="sec"}, conditionally on two technical statements which are proved in Sect. [5](#Sec15){ref-type="sec"}.

Background {#Sec6}
==========

The FK-Ising model {#Sec7}
------------------

We will use a few properties of the FK-Ising model that we recall now. For details and proofs, we direct the reader to \[[@CR22], [@CR12]\].

*Spatial Markov property*
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### Remark 2.1 {#FPar7}

We will often consider couplings between two FK-Ising measures. In this case, we will use the spatial Markov property and the FKG inequality applied to *both configurations at the same time*, two properties that we will call *joint Markov property* and *joint FKG inequality*. These properties will be justified by the standard spatial Markov property and the FKG inequality combined with the special constructions of these measures. Since the justification is classical, we will omit it in this article.

*Edwards--Sokal coupling*

We will use the Edwards--Sokal coupling both in finite and infinite volume. On a finite graph, the coupling goes as follows. Consider $\documentclass[12pt]{minimal}
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We will also use the coupling in infinite volume. In this case, one can consider $\documentclass[12pt]{minimal}
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*Griffiths inequality* The monotonicity properties of the FK-Ising model imply the following two classical inequalities, which will be very useful: for every sets of vertices *A* and *B*,$$\documentclass[12pt]{minimal}
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The random-current representation {#Sec8}
---------------------------------

We will also use the random-current representation in several places. A *current* configuration $\documentclass[12pt]{minimal}
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Correlations of the Ising model can be expressed in terms of the random-current representation via the following formula: for every $\documentclass[12pt]{minimal}
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The great utility of the random current representation results from a switching symmetry, whose roots lie in a combinatorial identity of \[[@CR19]\]. Using this symmetry, the Ising phase transition was presented in \[[@CR4]\] as a phenomenon of percolation in a system of current loops. Resulting relations have been instrumental in shedding light on the critical behavior of the model in various dimensions \[[@CR4], [@CR1], [@CR3], [@CR2], [@CR5]\]. We do not wish to state the switching lemma here and refer to the corresponding literature. Rather, we present the applications we will need for our study.

To express various correlation functions (of finite systems) in terms of probabilities for systems of currents with prescribed sources, we introduce the probability measure $\documentclass[12pt]{minimal}
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Applications of Pisztora's Coarse-Grain Approach {#Sec9}
================================================

The next subsection introduces the notion of good blocks. We then use a renormalization scheme to deduce that all big boxes are connected in FK-Ising. The last subsection derives Theorem [1.3](#FPar3){ref-type="sec"} from Proposition [1.5](#FPar6){ref-type="sec"}.

Blocks and good blocks {#Sec10}
----------------------
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### Proof of Theorem 1.3 {#FPar14}

Let *D* be the number of blocks in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M(\mathbf{B})$$\end{document}$ (recall the definition of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M(\mathbf{B})$$\end{document}$ from the proof of Lemma [3.1](#FPar9){ref-type="sec"} and observe that the choice of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{B}$$\end{document}$ is irrelevant here), and choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$ so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2D\varepsilon <1/e$$\end{document}$. By Proposition [1.5](#FPar6){ref-type="sec"}, pick *k* large enough that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{e\in \Lambda _{k}}\phi ^1_{\Lambda _{2k}}[\omega _e]-\phi ^0_{\Lambda _{2k}}[\omega _e]\le |\Lambda _{k}|e^{-c(\log k)^{1+c}}\le \varepsilon . \end{aligned}$$\end{document}$$Also, assume that *k* is chosen large enough that the probability of being good is larger than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1-\varepsilon $$\end{document}$ \[this is doable by using ([3.1](#Equ29){ref-type=""})\].
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Proof of Proposition [1.5](#FPar6){ref-type="sec"} {#Sec12}
==================================================

The proof of Proposition [1.5](#FPar6){ref-type="sec"} can be decomposed into several steps. We first prove a very weak mixing property (where the Radon--Nikodym derivative is bounded from above by $\documentclass[12pt]{minimal}
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Connection probability between boxes for double random current {#Sec13}
--------------------------------------------------------------

The main result of this section is the proposition below. The proof relies on a number of properties of the random current, combined with a mixing property for the Fortuin--Kasteleyn percolation.

### Proposition 4.1 {#FPar15}
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In the whole section, we will use the following notation. Without loss of generality, we can assume that *n* is even. Assume that $\documentclass[12pt]{minimal}
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### Lemma 4.2 {#FPar17}
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Proof of proposition [1.5](#FPar6){ref-type="sec"} {#Sec14}
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### Lemma 4.4 {#FPar24}
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Note that the bounds given below imply Proposition [1.5](#FPar6){ref-type="sec"} since $\documentclass[12pt]{minimal}
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Proofs of lemmata [4.3](#FPar23){ref-type="sec"} and [4.4](#FPar24){ref-type="sec"} {#Sec15}
===================================================================================

In the remainder of the paper, we will use *C* and *c* to denote finite, positive constants depending on at most $\documentclass[12pt]{minimal}
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In order to prove these lemmata, we will use a *multi-valued map principle*.

Lemma 5.1 {#FPar25}
---------
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Proof {#FPar26}
-----

This is a simple application of "counting in two ways":$$\documentclass[12pt]{minimal}
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Before we state the lemmata that are needed to invoke Lemma [5.1](#FPar25){ref-type="sec"}, let us discuss the motivation behind them. Let us take the example of the proof of Lemma [4.3](#FPar23){ref-type="sec"} (Lemma [4.4](#FPar24){ref-type="sec"} is very similar). Our goal is to apply the previous lemma for *A* being the event under consideration in the lemma, and *B* the full space of pairs of currents. Since a relation can be viewed as a multi-valued map, we can specify a relation on pairs of currents by describing several ways of modifying a given pair of currents $\documentclass[12pt]{minimal}
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Remark 5.3 {#FPar28}
----------

The requirement that the block $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{B}$$\end{document}$ contains a vertex of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {C}}_{\mathbf {n}_1}(y)$$\end{document}$ having two neighbors in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {C}}_{\mathbf {n}_1}(y)$$\end{document}$ is used in this lemma and in this lemma only.

We introduce a few notation. From now on, we say that two blocks $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{B}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{B'}$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {B}}_n(\Lambda _N)$$\end{document}$ are strongly disjoint if their centers are at a distance of 7*dn* of each other. Also, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_r(S)$$\end{document}$ be the set of vertices of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {Z}^d$$\end{document}$ within a graph distance at most *r* of *S*, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_r(S)$$\end{document}$ be the set of edges with both endpoints in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_r(S)$$\end{document}$.

Lemma 5.4 {#FPar29}
---------
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Remark 5.5 {#FPar31}
----------
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Proof of Lemma 4.4 {#FPar32}
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We now focus on the proof of Lemma [5.4](#FPar28){ref-type="sec"} using Lemma [5.2](#FPar26){ref-type="sec"}.

Proof of Lemma 5.4 {#FPar33}
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*Property (a)* This follows readily from the two sentences preceding ([5.11](#Equ52){ref-type=""}).
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Proof of Lemma 5.2 {#FPar34}
------------------
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